The present study deals with the reduction of models of multi-stage bladed disk assemblies.
INTRODUCTION
This study presents an industrial application of the authors' reduction technique to determine the modal characteristics of assemblies of bladed disks.
The current industrial practice is to model separately each bladed disk of the rotor. When such disks are cyclically symmetric, their dynamics are fully determined from that of a small portion, typically a bladed sector. This configuration no longer holds in real rotors due to mistuning which significantly alters this behaviour since it can strongly localize the strain energy 1 . Therefore, full-scale analyses require huge models, all the more since many nearly identical computations are needed to cover the entire space of parameters (mistuning coefficients, rotation speed, temperature,. . 
.). To address this issue, many reduction techniques
have been developed such as those of Lim et al. 2 , Feiner and Griffin 3,4 and Sternchüss et al. 5 , among others, that rely on synthesis techniques using either component or system modes.
Such reduced representations would be a good starting point for dealing with multi-stage rotors. However, as underlined by Bladh et al. 6 , the critical point is the choice of the boundary conditions that would properly represent inter-stage coupling, which is the main cause of discrepancies between single stage and multi-stage dynamics, since this coupling ratio controls the spread of the strain energy over many disks. Song et al. 7 , Laxalde et al. 8 , and Sternchüss and Balmès 9 proposed recently efficient CMS techniques that include such coupling directly into the formulation of the reduced problem.
The first part of this paper updates the methodology developed in 9 . This method consists in a decomposition of the disks into sector super-elements connected with each other through inter-sector elements and inter-disk ring elements. The updates mostly concern the formulation of the problems that lead to the cyclic modeshapes as defined by Laxalde et al. 8 , and the process used to generate the subspaces in which the kinematics of the sector super-elements are sought. The assembly of the problem remains really straightforward, leading to a very compact model whose accuracy is driven by the choice of the reduction bases. The main results obtained for a simple academic model that evaluates the accuracy of the proposed technique are described throughout this section.
The second part of this paper then presents the application of the methodology to a subset of a realistic industrial rotor provided by Snecma. From these results, the concluding section provides some guidelines for the practical use of such a reduction method in a global design process. 
Coupled mechanical problem
The meshes of the aft rim I 
The particular geometry of R implies that its DOF are fully determined by {q
In the frequency domain, if an external load {f e (ω)} is given, the discrete displacement {q(ω)} satisfies:
The dynamic stiffness matrix [Z] of the rotor is 
The spatial harmonic DOF vectors q 
ℜ and ℑ stand for the real and imaginary part of a complex quantity. The relation between these DOF vectors is
where [I N d,0 ] is the identity matrix whose size is the number of physical DOF of sector S
and ⊗ is the Kronecker product.The block-column [E
When dealing with an assembly of two disks, the assumption about the ring states that any physical DOF belongs either to disk D 1 or to disk D 2 . Therefore, the global DOF vector {q} is
where
Thanks to this, the spectral content of the modes of the whole rotor can be determined relatively to each disk. With the previous diagram, some particular modes can be identified, as described in Fig. 3 . The harmonic DOF vectors are here normalized such that
One then finds mono-harmonic coupled modes, like the near-pair of modes at f = 4.25 and f = 4.26 that seems to correspond to δ = 2. Thus, the ring participates in theses modes, but its lack of symmetry does not affect the motion very much. On the contrary, the mode at f = 2.99 which is localized to disk D 1 is multi-harmonic and the perturbation lies in the asymmetry of the ring, even though its participation is small.
Mono-harmonic eigensolutions
From the previous study of the complete rotor, the main conclusion to be drawn is that modes are not always mono-harmonic. According to this, mono-harmonic solutions such 
The projection of the latter matrix onto the subspace generated by the Fourier matrix [
Thanks to Eqn (11), the projection of the block-diagonal matrix containing the dynamic stiffnesses of both disks in Eqn. (3) is really straightforward:
The different blocks indexed by dd ′ can themselves be decomposed into blocks indexed
This inter-harmonic coupling prevents the mechanical problem from being decomposed into individual subproblems for every harmonic coefficient as it could be done in the mono-disk analysis. This also implies that the free vibration modes of the rotor can only be monoharmonic if the inter-harmonic coupling coefficients in (15) have a negligible influence. In the present formulation, the submatrices indexed by δδ
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The approximation error can be quantified from [
In future work, this error estimation will be integrated into a residual iteration technique in order to enrich the subspaces of approximation in the subsequent reduction process.
From the structures of the harmonic matrices in Eqns. (12) and (17), one obtains a class of parametrized problems with respect to δ:
The equations that come first in the problems above are not sufficient to define a cyclic In the second problem, the projection of the dynamic stiffness matrix of any of the disks is equivalent to duplicate this matrix. This is not the case for the ring, which leads to nearpair eigensolutions. For thinner meshes of the ring, the near-pair solutions would converge to exact pairs. Throughout the rest of this paper, only the solutions without aliasing are considered:
This is referred to as "one to one nodal diameters" by Laxalde et al. 8, 11 .
FIG. 4:
Near-pair of mono-harmonic solutions with δ = 2 at f = 4.25
As an illustration, the near-pair of eigensolutions at f = 4.25 with δ = 2 is presented in Fig. 4 . The chosen representation focuses on the solution that is really computed for a sector of the rotor, then restored to the whole structure.
It seems that they share some common properties as displayed in Figs free-free. This graph shows significant discrepancies which can be explained by the fact that the inter-stage interfaces are not exactly fixed when the disks are assembled together, but they are not free either. Accurate boundary conditions to apply to individual disks would be somewhere between free and fixed, depending on the modeshape.
Model Reduction
According to the previous section, mono-harmonic solutions are not modes, but they will be used to approximate the kinematics of the bladed sectors, in order to build a reduced model of the rotor. To do so, each bladed sector is represented as a super-element that allows:
(i) to target a set of eigenmodes from a set of mono-harmonic solutions. Since it is assumed that each eigenmode is the linear combination of mono-harmonic solutions whose frequencies lie in the vicinity of the corresponding natural frequency, the targeting of an eigenmode is in fact the targeting of the narrow frequency range where its harmonic components are found. It is also possible to select a subset of the harmonics a modeshape is made of. In practice, only the mono-harmonic solutions with low δ are selected, since only these modeshapes account for disk-dominated motion at low frequencies 1 .
(ii) to include blade-dominated motion into the reduced model by adding a set of modes of the individual sectors with their left and right interfaces clamped. Such modeshapes are used since fewer of them are required to account for blade-dominated motion than cyclic modeshapes with high δ at low frequencies.
Degrees of freedom of the super-elements
Three types of generalized DOF are assigned to each sector super-element, they are defined in correspondance to a subset of physical DOF:
(i) DOF that belong to the inter-sector elements (green area in Fig. 6 ),
(ii) DOF that belong to the inter-disk ring (red area in Fig. 6 ), (iii) purely interior DOF (the other DOF).
Generalized DOF sets (i) and (ii) can be joint. In the previous approach 9 , since the gen- The initial set of vectors is:
The sorting order of these vectors is critical to ensure a good condition number of the resulting matrices, since iterative procedures of orthonormalization are used to turn the initial set of vectors into the bases of the kinematic subspaces. In the present reduction
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Even though it is never explicitely built, the subspace in which the approximate solutions
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[
and the generalized DOF vector {q M } is related to the physical DOF vector {q} thanks to Eqn. (23).
Assembly of the super-elementary matrices
Instead of computing the reduced matrices by the direct projection
where [Z] is defined in Eqn. (3), a two-step procedure is followed:
Step 1: the physical finite element matrices of the sectors are projected onto their own kinematic subspace:
[Z d,s ] is the dynamic stiffness of sector S d,s . These reduced matrices are then assembled with respect to the generalized DOF associated with the super-elements. This operation leads to the reduced matrices of both sector and inter-sector super-elements.
Step 2: the matrices of the ring are projected onto the kinematic subspaces of the neighbouring disks with respect to the inter-disk generalized DOF.
In order to avoid using the full matrix of modeshapes [
] is built iteratively sector by sector. All the reduced matrices are relatively sparse. Besides, they have the remarkable form displayed in Fig. 8 for the assembly of two tuned disks with 12 and 15 blades. The diagonal blocks and four off-diagonal blocks derive from the projection of the sector matrices. The latter blocks can be divided into two groups, the first with 12 blocks and the second with 15 blocks. The inter-disk coupling is contained both in the diagonal blocks that are derived from the matrices of the inter-sector joints and in the off-diagonal blocks that are derived from the matrices of the ring. Apart from these remarks, the reduced matrices have no other
properties which could impact their eigenvalues or eigenvectors. Notice that the generalized load can be obtained from the physical load with the same procedures.
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Numerical Results
Once the reduced matrices and load vectors have been assembled, it is possible to compute the free or forced response of the rotor.
The generalized eigenmodes are solutions of the homogeneous problem:
The physical modeshapes are then restored to the full structure thanks to Eqn. (23). These modeshapes can be compared to those computed with the full model.
In the case of the sample rotor with 12 and 15 blades, different sets of mono-harmonic solutions with δ ∈ {0, 5} were computed for various targeted frequency ranges and were used to reduce the rotor problem, as displayed in Fig. 9a . 250 generalized modes, comprised between f = 0 and f = 15, were compared to the assumed corresponding modes of the rotor in the same frequency range, referred to as reference modes. The resulting relative error in frequency is plotted in Fig. 9b . A modeshape correlation index, based on a Modal
Assurance Criterion (MAC) is reported in Fig. 9c . As can been seen in these figures, the maximum of the relative error in frequency is below 0.1% and the modeshape correlation is excellent as soon as subspace [T M ] includes enough vectors. A future development of this work is to define a priori error estimators, probably based on the identified source of error underlined in the mono-harmonic computation section.
APPLICATION TO AN INDUSTRIAL MODEL
The industrial model to which the methodology described in the previous section is applied is a part of the numerical model of a compressor in development, it is depicted in is, only linear elements were considered at the time of the present study, but computations with quadratic elements are planned.
As described in the beginning of this paper, one uses inter-disk rings built from a Delaunay tessellation between the nodes of the regarding rims of two adjacent disks. Since the nominal geometries of the sectors of two connected stages are such that they are bonded together, a pre-processing of the geometries is required to slightly translate the nodes of the flanges of disks D 1 and D 3 so that the inter-disk rings can fill the empty spaces created between the flange of disk D 1 (resp. disk D 3 ) and the rim of disk D 2 , such as depicted in Fig. 11 . Two sets of nodes have to be moved for each flange:
• the first set is translated longitudinally,
• the second set is translated radially.
This operation does not affect the integrity of the finite element mesh of such parts. Notice that the bolting system is not included in the model. The minimal set of elements to describe the geometry of the full assembly is presented in Fig. 12 , since the bladed disks can be generated by circular repetitions of their initial sector. This allows huge memory savings because only this minimal geometry is stored. 
Mono-harmonic shapes
The latter minimal geometry is perfectly suited for the computation of the cyclic modeshapes. A classical graph of normalized frequencies versus nodal diameter is plotted in From Fig. 13 , it is noticed that coupled solutions are found inside a triangle that has δ = 0, f = 0 as a summit, and δ = 0 and f = δ as edges (when f is normalized, as stated before). In this region of high to moderate disk coupling as δ increases, there are noticeable differences between the frequencies of the rotor solutions and the disk natural frequencies. This comes from the fact that a fix condition at inter-stage interfaces is too stiff and disk modes that are similar to solutions of the rotor are higher in frequency. On the contrary, modes of the disks with free rims would be below rotor solutions since a free condition at the inter-stage interfaces is far too soft. Ideal boundary conditions to apply to a mono-disk analysis so that multi-stage effects are properly described would be between free and fix condition, and they would vary according to the considered diameter solution. Everywhere else, it can be seen that many mono-harmonic solutions are close to modes of the individual disks, merely due to:
(i) a small disk-blade coupling, which tends to confine the strain energy on the blades 1 . In this case, the global motion is very similar to that of the individual disks whatever their boundary conditions are, since the latter do not affect the blade-dominated motion due to the low coupling ratio between the disk and the blades.
(ii) a small disk-disk coupling, which tends to confine the strain energy on a single disk.
Besides, a phenomenon of aliasing occurs for mono-harmonic solutions that have a strong participation of disk D 1 (resp. D 2 ). Typical modeshapes are plotted in Figs. 14 to 17.
Notice that the computation of the strain energy in Fig. 14b provides useful information since the maximum of strain energy is located at the rim between disks D 1 and D 2 and not at the tip of the blades as expected because of the 2S1 shape. The participation factor on each disk, in the sense of Eqn. (27) , is plotted in parallel to these spectra.
∀d ∈ {1, 2, 3},
It is mandatory to examine both graphs together to avoid hasty conclusions in terms of multi-harmonicity of modes. Indeed, a mode that looks multi-harmonic on a given disk can be so if its participation relative to that disk is very small: the analysis of an almost zero signal leads to a spectrum that shows multiple harmonics, but it does not indicate that the generalized displacement is almost zero on this disk! Special attention must be paid to the fact that a physical indicator, such as the kinetic energy, should be used to avoid normalization problems between the kinematic subspaces defined on each disk. 
Recovery of Modeshapes and Post-processing
Post-processing the restored modeshapes on the full rotor would be a very expensive numerical effort, since storing the 900 generalized modes represents about 305Mb, whereas storing the 900 modes once restored represents 53Gb. A procedure of partial recovery of the modeshapes has been developed. Given a selection of elements where the quantities of interest (energies, stresses) are assumed to be located, the generalized response is restored to the physical DOFs of these elements only. These locations can be given:
• either by a spatial Fourier analysis of the generalized displacement or the strain energy associated with each super-element, which leads to recoveries to full sector models,
• or if the generalized displacement appears to be mono-harmonic, a procedure of pairing between mono-harmonic solutions and generalized modes (not described here) returns useful information where to look for stresses or energies.
As an illustration, the generalized mode at f = 15.89 can be manually paired with the mono-harmonic solution with δ = 1 at f = 15.53 depicted in Fig. 14. Figure 23 displays the strain energy and the Von Mises stress distributions on a subset of physical finite elements that belong to disk D 1 . This figure shows that, for this generalized mode and this disk, the Von Mises stress is maximum on the disk and, as expected, has a high value in the middle of the blade tip due to the 2S1 shape. Nevertheless, the mono-harmonic solution has a strong participation of disk D 2 and a recovery extended to that disk should be computed. In the present paper, the authors updated then applied the reduction technique they developed to deal with multi-stage assemblies of bladed disks 9 to a realistic rotor model.
The results obtained for this industrial rotor allow to give some guidelines to use efficiently the previous method in a real industrial environment:
(i) In the proposed methodology, a set of mono-harmonic solutions are computed. Such solutions already contain much valuable information in terms of coupling or regions of high density of strain energy or high stress levels.
(ii) These solutions are used to build a compact reduced model that represents the multistage model with a controlled accuracy. In future work, the error estimator derived from the mono-harmonic computations will be integrated into an iterative procedure of enrichment of the subspaces built to approximate the kinematics of the sectors.
(iii) On the one hand, if a spectral analysis shows that the generalized modes of interest are spatially mono-harmonic, it means that they potentially correspond to monoharmonic solutions, given by a manual or automatic pairing process. This property will be exploited in future work, especially in forced response computations.
(iv) On the other hand, if some of the modes of interest are multi-harmonic, the response is computed with the reduced model. Paper number GTP-08-1085 30 A. Sternchüss
